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Violation of the “information-disturbance relationship” in finite-time quantum
measurements
A. Thilagam∗
Information Technology, Engineering and Environment,
University of South Australia, Adelaide 5095, South Australia
The effect of measurement attributes (quantum level of precision, finite duration) on the classical
and quantum correlations is analysed for a pair of qubits immersed in a common reservoir. We show
that the quantum discord is enhanced as the precision of the measuring instrument is increased, and
both the classical correlation and the quantum discord experience noticeable changes during finite-
time measurements performed on a neighboring partition of the entangled system. The implications
of these results on the “information-disturbance relationship” are examined, with critical analysis
of the delicate roles played by quantum non-locality and non-Markovian dynamics in the violation
of this relationship, which appears surprisingly for a range of measurement attributes. This work
highlights that the fundamental limits of quantum mechanical measurements can be altered by
exchanges of non-classical correlations such as the quantum discord with external sources, which
has relevance for cryptographic technology.
I. INTRODUCTION
The role of measurements in quantum correlation and decoherence processes presents a challenging area of inves-
tigation of quantum systems1–7. Some progress has been made in the understanding of the links between quantum
measurements and decoherence processes which results in the breakdown of phases in the superposed states8. In
the “decoherence scheme”, a quantum system which survives while in contact with an environment is guided to its
pointer states9. The view that an open quantum system is equivalent to a system that is continuously measured by
its environment has been examined using various approaches in other works10,11. Some issues still remain in relation
to the links between quantum correlations and non-locality. This stems from difficulties in formulating a rigorous
definition for non-locality, partly due the non-objectivity-non-locality issue. In general, quantum theory presents a
well-defined platform in which to investigate quantum measurements, with no apparent conflict if the notion that
wave functions do collapse is excluded in favor of quantum state reduction12.
Quantum measurements have been used in the formulation of several measures of quantum correlations, including
the quantum discord13–15, an entity that is known to possess more generalized properties than other well established
measures such as the Wootters concurrence16. The quantum discord is useful in differentiating processes which are
based on locally accessible correlations from those that incorporate generically non-classical features17–21. The quan-
tum discord of a specific system is obtained by performing a set of positive-operator-valued measurements (POVM)
in a neighboring partition. At zero quantum discord, a measurement procedure allows external observers to obtain
all information about a bipartite system without disturbing it.
Recently, the tradeoff between information gained due to quantum measurement and the disturbance on the ob-
served quantity, has been examined in several works22–26. One study23 showed that an informative measurement
affects at least one state of the system, and the quantity of disturbance on the state is lower bounded by the amount
of information that can distinguish the input and corresponding output states. The trade-off between the magni-
tude of information obtained via quantum measurements and disturbance on the evolution of the system could be
reinterpreted using the Heisenberg uncertainty principle24–26. Heisenberg27 first raised the idea that any attempt
to measure the position of a particle with higher precision will result in a greater disturbance as quantified by the
mean square deviations of the momentum measurements. In a recent experimental study28 involving weak measure-
ments, Heisenberg’s “measurement-disturbance relationship” was noted to be violated. In another work29 involving
“entanglement-enhanced measurement”, the spinning of electrons in atoms was observed without any disturbance to
the atomic cloud.
This study is aimed at examining the attributes of the measurement process and imperfections which distort the
quantum correlations present in entangled systems. Following the approach in an earlier work30, we focus on two
key attributes: a) the measurement duration, and, b) the quantum level precision for a model system of a qubit pair
immersed in a common reservoir. In order to keep the numerical analysis tractable, we adopt the Feynman’s path
integral framework31,32 to interpret quantum measurements. In particular we employ a variant of this formalism based
on the restricted path integral formalism7,33. Within the restricted path framework, the continuous measurement of
a quantity with a given result is monitored by constraints imposed on the Feynman’s path integral. Accordingly an
anti-Hermitian term is added to the Hamiltonian that describes the dynamics of the measured system. In the presence
of non-Hermitian terms introduced during highly precise measurements, the measured system may evolve via one or
2more complex routes, and the final readout becomes ill-defined. The key feature in this work is thus the perusal
of the idea that state reduction can be associated with imperfect measurements, which departs from conventional
treatments.
This paper is organized as follows. In Section II we describe the restricted path integral approach for energy
measurements incorporating the non-ideal attributes of the measuring device. Description of the quantum discord
measures and details of the qubit pair system under study is provided in Section III, including an analysis of the
influence of critical parameters in the violation of a Bell inequality associated with the quantum state of the qubit
pair. In Section IV, the effect of the measurement precision and finite time duration on the quantum correlation
measure is evaluated and numerical results are presented. The information-measurement precision trade-off relations
is examined in Section V and the implication of results obtained in Section IV on the “information-disturbance
relationship” is discussed. In Section VI non-Markovianity as quantified by the fidelity difference is used to analyze
the flow of information during quantum measurements, and the issues of quantum non-locality and non-Markovian
dynamics during violation of the “information-disturbance relationship”, is examined. The conclusion is provided in
Section VII.
II. THE RESTRICTED PATH INTEGRAL APPROACH FOR ENERGY MEASUREMENTS
We recall the two key elements in Feynman’s path integral formalism31,32: the first involves the superposition
principle which yields the transition amplitude for a given quantum process, and in the absence of measurements.
Under this scheme, the probability amplitude of the transition from the initial to the final state of the system is
obtained via summation of the amplitudes of all possible paths which could also interfere with each other. The second
feature in Feynman’s formalism involves the weight attached to each individual paths that is included during the
summation procedure. This weight provides a measure of contribution of each constituent path.
The restricted path integral is derived7,33–35 from the Feynman path integral through the incorporation of a weight
functional within the integrand that represents the summation of all tracks linking the origin and destination point.
We recall that the Feynman’s propagator, K[E](q
′, τ ; q, 0) in the phase-space representation at time τ is given by31,32
K(q′, τ ; q, 0) =
∫
d[q]d[p]e
i
~
∫
τ
0
[pq˙−Ĥ0(q,p)]dt (1)
where Ĥ0 is the Hamiltonian of the closed (unmeasured) quantum system and [p] and [q] are the paths in the
momentum and configuration spaces respectively. In Mensky’s formalism, the output of a measured quantum system
is expressed in terms of constrained paths associated with a weight functional w[E]
7. This functional may assume a
Gaussian form, with a damping magnitude that is proportional to the squared difference of the observed value along
the paths and the actual measurement result. A system subjected to measurement therefore evolves via a propagator
which modifies Eq.(1) according to35,36
K[E](q
′, τ ; q, 0) =
∫
d[q]d[p]e
i
~
∫
τ
0
[pq˙−Ĥ0(q,p)]dtw[E] (2)
This relation highlights the dependence of a selected measurement output such as E for a measuring instrument that
incurs an error Er during a measurement duration, τ
The sensitivity or error during measurements of the energy levels of a two-level system is known to influence inter-
level transitions36–38. In a recent work30, singularities known as exceptional points39 are shown to appear at the
branch point of eigenfunctions at a critical measurement precision Ecr . The significance of Mensky’s formalism lies
in the inclusion of attributes of the measuring device that may influence the dynamics of the quantum system under
observation. This has obvious implications for the evaluation of the quantum discord in quantum systems, as will
be shown later in this work. The use of the Gaussian measure, w[E]=exp
{
− 〈(H0−E)2〉∆E2
}
enables the effect of the
measurement to be incorporated via the effective Hamiltonian36,37 for a two-level system
Ĥeff = Ĥ0 − i ~
τE2r
(Ĥ0 − E)2 (3)
where 〈...〉 denotes the time-average for the duration τ during which measurement was performed. As noted earlier,
E (see Eq.(2)) is the selected measurement output after a time τ and Er is the error made during the measurement
of the energy, E. It is evident that maximization of the product τEr ensures minimal disturbance associated with
the measurement process. This product term is linked to the uncertainty principle, so that a lower limit τEr would
ensure maximal disturbance on the monitored system. A large error Er and duration τ apppear as key attributes of
3a weak measurement. The finite duration τ yields a degree of uncertainty in energy of the observed quantum system.
We therefore consider a weak non-Hermitian term, so that the system under observation evolves as i~ ∂∂t |ψ(t)〉 =
Heff |ψ(t)〉. By expanding the state of the system within the unperturbed basis states |n〉 of the unmeasured system
with Hamiltonian Ĥ0 as |ψ(t)〉 =
∑
n Cn(t)|n〉, the coefficients Cn(t) can be determined using the Schro¨dinger equation
based on the Hamiltonian in Eq.(3).
The Hamiltonian Ĥ0 of the unmeasured qubit with energies E1 (E2) at state |0〉 (|1〉) is of the form
Ĥ0 = −~(∆ω
2
σz + V (t)σx), (4)
where the Pauli matrices σx = |0〉 〈1|+ |1〉 〈0|, σz = |1〉 〈1| − |0〉 〈0|, ∆ω = 2(E1 + E2) and the potential V (t) which
induces transitions between the two levels. The perturbation potential terms are taken to be V00 = V11 = 0 and
V01 = V
∗
10 = V0e
iω(t−t0) with V0 as a real number. The state of the measured system, |ψ(t)〉 evolves as30
|ψ(t)〉 = e−i(E1−iλ1/4)tC1(t) |0〉+ e−i(E2−iλ2/4)tC2(t) |1〉 (5)
where λ1=
(E1−E)
2
2τE2r
and λ2=
(E2−E)
2
2τE2r
for a renormalized Er.
The coefficients C1(t), C2(t) in Eq.(5) are obtained using
30
[
C1(t)
C2(t)
]
=
[
cosκt− iα1 −iα2
−iα2 cosκt+ iα1
] [
C1(0)
C2(0)
]
, (6)
where α1=cos θ sinκt, α2=sin θ sinκt, cos θ=
q
κ , κ=
√
q2 + V 20 , q=
1
2 (ω − ∆E + iΩ/2), ∆E=(E2 − E1), and Ω=λ2-
λ1. The qubit states of the monitored system therefore incorporate non-Hermitian terms which are functions of the
measurement attributes
|χs(t)〉 = e−λtt/4 (cosκt− i cos θ sinκt) |0〉
−ie−λtt/4 sin θ sinκt |1〉
|χa(t)〉 = e−λtt/4 (cosκt+ i cos θ sinκt) |1〉
−ie−λtt/4 sin θ sinκt |0〉 ,
(7)
where λt=
∆E2
2τE2r
. For measurement procedures which introduce very large errors, Er → ∞,λ1=λ2=λt=cos θ=0, and
the qubit oscillates coherently between the two levels with the Rabi frequency 2κ = 2V0 as is well known in the
unmeasured system.
For a system in which the initial state at t = 0 is |1〉 and the final state at time t is either |1〉 or |0〉, the probability
P11 (P10) of the system to be in the state |1〉 (|0〉) depends on the relation between V0 and λt. At the resonance
frequencies, ω = ∆E, the Rabi frequency 2κ0 = (4V
2
0 − (λt2 )2)1/2, and cos θ = −iλt/4κ0. There exists two tunneling
regimes with V0 >
λt
4 (V0 <
λt
4 ) applicable to the coherent (incoherent) cases. For the coherent tunneling regime we
obtain30
P11 = e
−λtt/2
[
cosκ0t− λt
4κ0
sinκ0t
]2
(8)
P10 = e
−λtt/2
V 20
κ20
sin2 κ0t, (9)
where λt=
(E2−E1)
2
2τE2r
. The total probabilities, P11+P10 ≤ 1, the loss of normalization is dependent on the measurement
precision, Er as expected. For the system undergoing incoherent tunneling, we replace sin[x] (cos[x]) by sinh[x]
(cosh[x]). The dynamics at the exceptional point occurs at κ0 = 0, V0 =
λt
4 , and both regimes merge to a point in
topological space. The two-level system can be seen as a non-ideal dissipative quantum system due to its coupling to
a multitude of decay states associated with the measurement process.
III. CLASSICAL CORRELATION AND QUANTUM DISCORD
Following the formulation of quantum discord in Refs.13–15, we express the quantum mutual information of a
composite state ρ of two subsystems A and B as I(ρ) = S(ρA)+S(ρB)−S(ρ) for a density operator in HA⊗HB. ρA
4(ρB) is the reduced density matrix associated with A (B) and S(ρi) (i=A,B) denotes the well known von Neumann
entropy of the density operator ρi, where S(ρ) = −tr(ρ log ρ). The mutual information can also be written in terms
of quantum conditional entropy S(ρ|ρA) = S(ρ)− S(ρA) as
I(ρ) = S(ρB)− S(ρ|ρA) (10)
A series of one-dimensional orthogonal projectors {Πk} induced inHA results in different outcomes of the measurement
in HB via the post measurement conditional state
ρB|k =
1
pk
(Πk ⊗ IB)ρ(Πk ⊗ IB) (11)
where the probability pk = tr[ρ(Πk ⊗ IB)] and {Πk} denote the one-dimensional projector indexed by the outcome
k. From the cumulative effect of the mutually exclusive measurements on A, we obtain a conditional entropy of the
subsystem B based on ρB|k
S(ρ|{Πk}) =
∑
k
pkS(ρB|k) (12)
which is used to obtain the measurement induced mutual information I(ρ|{Πk}) = S(ρB)− S(ρ|{Πk}). The classical
correlation measure based on optimal measurements made on A is obtained as13–15
CA(ρ) = sup
{Πk}
I(ρ|{Πk}) (13)
The difference in I(ρ) and CA(ρ) yields the non symmetric quantum discord DA(ρ) = I(ρ)−CA(ρ). The discord DB(ρ)
associated with measurements on subsystem B can be evaluated likewise. In general DA(ρ) 6= DB(ρ). Measurements
made on a neighboring partition hold the key to determining the classical correlation measure between the subsystems.
A. A qubit pair immersed in a common reservoir
The joint evolution of a pair of two-level qubit subsystems, A,B undergoing decoherence in a common reservoir is
determined by a completely positive trace preserving map expressed in the operator-sum form40–42
ε (ρAB) =
∑
i,j
Γi(A)Γj(B) ρAB Γ
†
i (B)Γ
†
j(A), (14)
where Γi(A) (Γi(B)) is the Kraus operator associated with the decoherence process at A (B). For the phase flip
channel in which there is loss of quantum information with conservation of energy, the Kraus operators are given
in the basis {|0〉 , |1〉} for both subsystems, k = A,B as18,40 Γ0(A) = diag(
√
1− p/2,
√
1− p/2) ⊗ 1B, Γ1(A) =
diag(
√
p/2,−
√
p/2) ⊗ 1B, Γ0(B) = 1A ⊗ diag(
√
1− p/2,
√
1− p/2) and Γ1(B) = 1A ⊗ diag(
√
p/2,−
√
p/2), The
parameter p = 1− exp(−γt), where γ denotes the phase damping rate.
To simplify the numerical analysis, we consider a joint state of the pair of two-level qubit subsystems, A,B in
an initial X-type state with maximally mixed marginals (ρA(B) = IA(B)/2, S(ρA(t)) = S(ρB(t)) = 1). The density
matrix appears in the form ρ(0) = 14 [I +
∑
i=1..3 ciσ
i
A ⊗ σiB], where I is the identity operator associated with the
qubit pair, σiA, and σ
i
B , and σ
i
j (j = A,B, i = 1, 2, 3) are the Pauli operators of each qubit. ci (0 ≤ |ci| ≤ 1) are
real numbers, with the Werner states sharing a common |c1| = |c2| = |c3| = c and c=1 for the Bell basis states. We
assume that the usual unit trace and positivity conditions of the density operator ρ are satisfied. For the class of
states where |c1| = |c2| = c, |c3| = c3, the evolution of the joint system is described by the matrix
ρ
A,B
(t) =
1
4


1 + c3 0 0 0
0 1− c3 2ceµ∗t 0
0 2ceµt 1− c3 0
0 0 0 1 + c3

 , (15)
where µ = [−2γ − i(∆ωA −∆ωB)] t, and as noted earlier γ is the phase damping rate. To simplify the analysis,
we have considered the same damping rate for the two qubit subsystems. ∆ωi, i =A,B denotes the difference in
energy levels of each qubit subsystem, we consider equivalent energy levels in the qubit pair. The mutual information
of state ρ
A,B
in Eq. (15) is evaluated using I (ρA : ρB) = 2 +
∑4
i=1λi logλi where the eigenvalues λi of ρA,B are
λ1,2 =
1
4 (1 + c3), λ3 =
1
4 (1− c3 + 2ce−2γt) and λ4 = 14 (1− c3 − 2ce−2γt)
5B. Influence of c3 and c in the violation of a Bell inequality
The violation of the CHSH-Bell inequality function B quantifies quantum nonlocal correlations which cannot be
created by classical means43,44. The CHSH inequality Bell function B is |B ≤ 2, where B = M(~a,~b) −M(~a,~b′) +
M(~a′,~b) + M(~a′,~b′), where M(~a,~b) is the correlated results (±1) arising from the measurement of two qubits in
directions ~a and ~b. The CHSH-Bell inequality is violated when B exceeds 2, and the correlations is considered
inaccessible by any classical means of information transfer, while for values less than 2, the local hidden-variable
theory satisfies the CHSH-Bell inequality.
We first investigate the influence of parameters c1 = c2 = c and c3 in a possible violation of the CHSH-Bell
inequality. These results will be compared with the effect of c and c3 on classical and quantum correlations in the
next Section. For the density matrix in Eq. (15), B based on correlations averages, is obtained using the following
relations45
B(t, c, c3) = Max {B1(t, c, c3),B2(t, c, c3)} (16)
B1(t, c, c3) = 2
√
e−4gtc2 + c32
B2(t, c, c3) = 2
√
2ce−2gt
In general, the interplay of several parameters (c, c3, t, g) makes it a complex problem to examine the non-locality of
the two-qubit density matrix, ρ
A,B
. To simplify the approach, we note that the eigenvalues λi of ρA,B in Eq. (15) need
to satisfy the positivity criteria of assuming only non-negative values. To this end, λ4 =
1
4 (1 − c3 − 2ce−2γt) is most
susceptible to violating this criteria when cm3 = 1 − 2ce−2γt. Figure 1a,b show values of B(t, c, c3) as a function of
c, t, at two damping rates g, with c3=c
m
3 . The results indicate that with increasing c, the system is likely to violate
the Bell inequality during the initial period of measurement. There are subtle differences in the system non-locality
arising from use of low and high g as can be inferred from Eq. (16). In Figure 1c where c3 is not constrained, the
system best exhibits classical features at low c ≈ 0.1 and c3 ∼ c. There is a gradual shift towards possible violation
of the CHSH-Bell inequality as c is increased, and when λ4 becomes negative.
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FIG. 1: (a) Bell inequality, B (Eq. (16)) as function of unitless t/τ ( 0 < t < τ ) and c. c3 is fixed at c3 = 1 − 2ce
−2γt. The
measurement time duration, τ = 2pi/V0=1, c = 0.15, and phase damping rate g = γτ=0.7. (b) All same except g = γτ=0.05.
(c) Bell inequality, B ( Eq. (16)) as function of c and c3, t=τ .
IV. MEASUREMENT PRECISION AND QUANTUM CORRELATIONS
The classical correlation measure is obtained through all possible local measurements on one of the subsystems,
say A. For the ideal case of a local measurement that is instantaneous, we utilize a set of orthogonal projectors
{Πk = |θk〉 〈θk| |, k = ‖,⊥}, which are defined in terms of the orthogonal states∣∣θ‖〉 = cos θ |0〉 + eiφ sin θ |1〉 , (17)
|θ⊥〉 = e−iφ sin θ |0〉 − cos θ |1〉 ,
where 0 ≤ θ ≤ π/2 and 0 ≤ φ ≤ 2π . In a recent work, Galve et. al.46 showed that orthogonal measurements are
sufficient to evaluate the quantum discord pertaining to rank 2 states of two qubit systems, but provide tight upper
bounds for higher rank (3 and 4) states.
6Using Eq. (7) as a basis, we modify the projection operators in Eq. (17) using generalized projectors that incorporate
measurement attributes ∣∣θ‖〉p = R(θ) |0〉 + eiφS(θ) |1〉 , (18)
|θ⊥〉p = e−iφS(θ) |0〉 −R(θ) |1〉 ,
The terms R(θ)= e−λrt/4
(
cos θ − iλrt4θ sin θ
)
and S(θ)=e−λrt/4
√
θ2+(λrt/4)2
θ sin θ with λr=
∆E2
2τE2r
, ∆E being the energy
difference between the |1〉 and |0〉 states of the qubit. In the limit of λr → 0, Eq. (18) reverts back to the orthogonal
set in Eq. (17). It is implicit that the orthogonal measurement projections in Eq. (18) may be in a state of evolution
during the measurement process.
The generalized measurements as specified by the constituent maps in Eq. (18) can be projected as follows
1
2
∣∣θ‖〉p 〈θ‖∣∣p + 12 |θ⊥〉p 〈θ⊥|p , (19)
=
( |R(θ)|2 + |S(θ)|2 0
0 |R(θ)|2 + |S(θ)|2
)
,
=
(
1 0
0 1
)
, τ = λr = 0
The incorporation of measurement attributes (τ, p) therefore leads to non-preservation of the trace of the density
matrix in Eq. (19. This can be attributed to loss of the particle from the system due to the observational mapping
process. The dependence of the projected states given in Eq. (18) on the measurement attributes, τ and λr , results
in the dependence of the classical correlation on these same attributes which we examine next.
The reduced density matrices, ρ
(k)
B of the neighboring subsystem B in accordance with the two projective measure-
ments (pq = p⊥ = 1/2) in subsystem A are obtained as
ρ‖
B
=
(
1
2 (1− c3e−pt/2[ϕ1 − ϕ2]) 12ce−2gtϕ1 ϕ2
1
2ce
−2gtϕ1 ϕ2
1
2 (1 + c3e
−pt/2[ϕ1 − ϕ2])
)
, (20)
ρ⊥
B
=
(
1
2 (1 + c3e
−pt/2[ϕ1 − ϕ2]) − 12ce−2gtϕ1 ϕ2
− 12ce−2gtϕ1 ϕ2 12 (1− c3e−pt/2[ϕ1 − ϕ2])
)
. (21)
where ϕ1 = cos
2 θ − ( pt4θ)2 sin2 θ − ξ2θ2 sin2 θ, ϕ2 = ξ2θ2 sin2 θ and ξ =√θ2 + (pt/4)2. g = γτ , the dimensionless time, t
is obtained via division with the measurement duration, τ = 2π/V0 and the dimensionless precision parameter, p =
λrτ . The eigenvalues of the two reduced density matrices, ρ
(k)
B of the neighboring subsystem B are obtained as
ζ
(k)
1,2 =
1
2
(1 ±Θ), (22)
Θ2 = c23e
−pt [ϕ1 − ϕ2]2 + 4c2e−4gte−ptϕ1ϕ2
Using Eq. (22), we obtain S(ρ
‖
B) = S(ρ
⊥
B) = −tr(ρ log ρ) =− 1−Θ2 log2
[
1−Θ
2
]− 1+Θ2 log2 [ 1+Θ2 ]. The classical correlation
given in Eq. (13) is evaluated using
C(ρ) = 1−min
θ,φ
R(Θ), (23)
Further evaluation of C(ρ) is simplified by the elimination of the parameter φ due to the choice of similar parameters,
|c1| = |c2| = c. The maximal value of Θ is dependent on c3, c, γ, the precision parameter p, and the measurement
duration τ . It is obvious from Eq. (22), that the influence of the phase damping rate becomes pronounced at c > c3.
The quantum discord is evaluated using
D(ρ) = 2 +
4∑
k=1
λk log2 λk − C(ρ), (24)
Figures 2, 3 highlight changes in the classical correlation C and quantum discord D as function of t ( 0 < t < τ),
based on numerical evaluation of Eqs. (22), (23), (24) and the eigenvalues λi of ρA,B in Eq. (15). C and D undergo
noticeable changes due to finite-time measurements on a neighboring partition at non-zero p, for input parameters
c3 > c. Figures 2b and 3b show that the quantum discord D is enhanced, with a corresponding decrease in C as p
7FIG. 2: (a) Classical correlation C as function of t ( 0 < t < τ ) for various values of the measurement precision p. τ the
measurement time duration is set at 1 and g = γτ=0.6, where γ is the phase damping rate. The real numbers c1 = c2 = c=0.2
and c3=0.6. The curves from top to bottom correspond to the unitless measurement precision, p=0, 0.05, 0.2, 0.5. and (b)
Quantum discord D as function of t ( 0 < t < τ ) for various values of the measurement precision p=0.5, 0.2, 0.05, 0 (top to
bottom). All other parameters are the same as in (a).
FIG. 3: a) Classical correlation C as function of t ( 0 < t < τ ) for various values of the measurement precision p. τ the
measurement time duration is set at 1 and g = γτ=0.6. The real numbers c1 = c2 = c=0.1 and c3=0.7. The curves from top to
bottom correspond to the unitless measurement precision, p=0, 0.05, 0.2, 0.5. and (b) Quantum discord D as function of t for
various values of the measurement precision p=0.5, 0.2, 0.05, 0 (top to bottom). All other parameters are the same as in (a).
is increased. The enhancement in the quantum discord D is pronounced at a higher ratio c3c . However at c > c3,
the numerically evaluated classical correlation was noted to be almost insignificant, C ≈ 0.01 and D was seen to be
independent of p. These results indicate a trend towards more non-classical behaviour at increased p for the case
when c3 > c, however it is not immediately clear why a low C is obtained at c3 < c. Figures 4 and 5 illustrate the
changes in C and D due to the dephasing rate g for various values of the measurement precision p. At c < c3, the
classical correlation C remains independent of g, a trend that appears only beyond a critical g at c > c3. This has
also been noted in earlier works18,19 for the specific case, p=0. Imperfect measurements carried out on the subsystem
A therefore enhance the non-classical correlations of the adjacent subsystem B at c3 > c.
It is not immediately clear as to the influence of quantum measurements in the region where c < c3, even though it
appears that there is less impact of measurements. Further investigations are needed to confirm the role of the CHSH-
Bell inequality, B in relation to the c, c3 parameters. For instance in Figure 1, it appears that states which exhibit
greater classical features (at low c, c3 > c), are more likely to have reduced C and increased D with measurements
carried out in an adjacent subsystem. On the other hand, states which are close to CHSH-Bell inequality violation
(c > c3) seem less influenced by imprecise measurement procedures.
V. INFORMATION-MEASUREMENT PRECISION TRADE-OFF
The results in Section IV highlight the effect of disturbance on the classical and non-classical correlations of the
adjacent reduced density matrix, ρ
(k)
B . This disturbance is quantified by the measurement precision p and finite time
duration τ associated with the imperfect projective measurements (Eq. (18)) on subsystem A. In this Section, we
examine the implications of these results on the “information-disturbance relationship” on subsystem B as a result
of imperfect measurements on subsystem A. We note the two sources of uncertainty (p, τ) which give rise to a
probabilistic distribution of the quantity being measured.
Two important measures will be used to examined the tradeoff between information gained due to quantum mea-
surement and the disturbance caused during observation: fidelity and trace distance. The fidelity, F 48 which quantifies
8FIG. 4: (a) Classical correlation C as function of the unitless g = γτ where γ is the phase damping rate, for various values of
the measurement precision p at t=1. The real numbers c1=c2=c=0.3 and c3=0.4. The curves from top to bottom correspond
to the unitless measurement precision, p=0, 0.2, 0.7. and (b) Quantum discord D as function of g at t=1. for various values of
the measurement precision p=0.7, 0.2, 0 (top to bottom). All other parameters are the same as in (a).
FIG. 5: (a) Classical correlation C as function of the unitless g = γτ where γ is the phase damping rate, for various values of
the measurement precision p at t=1. The real numbers c1=c2=c=0.4 and c3=0.2. The curves from top to bottom correspond
to the unitless measurement precision, p=0, 0.2, 0.7. and (b) Quantum discord D as function of g at t=1 at measurement
precision p=0.7, 0.2, 0 (top to bottom). All other parameters are the same as in (a).
the distance between two states appear as
F [ρ1, ρ2] =
{
Tr
[√√
ρ1ρ2
√
ρ1
]}2
, (25)
and is bounded by 0 ≤ F [ρ1, ρ2] ≤ 1. The measurement disturbance on the dynamics of a system can be quantified
using23
Di = 1− F [ρ1, ρ2] (26)
Based on the reduced density matrices ρ‖
B
(t = 0, p = 0) and ρ‖
B
(t, p) (Eq. (20)), the disturbance, Di can be evaluated
as a function of t and p.
To quantify the information gained from the system, we define the uncertainty H(ν) based on the parameter ν
where
ν =
1
2
− 1
2
Td(ρ1, ρ2) (27)
The trace distance, Td between density matrices, ρ1, ρ2, is given by half of the trace norm of the difference of the
matrices as Td(ρ1, ρ2) =
1
2Tr[|ρ1−ρ2|] andH(x) = −x log2 x−(1−x) log2(1−x). In order to analyse the influence of the
precision p and t, we consider ρ1=ρ
‖
B
(t = 0, p = 0) and ρ2=ρ
‖
B
(t, p). We next investigate the information-disturbance
tradeoff relation23
1− F [ρ1, ρ2] ≥ 1−H [ν(p, t)] (28)
where the mutual information (1-H [ν(p, t)]) is evaluated based on ν (Eq. (27)) for given values of the measurement
attributes, p, t. Eq. (28) specifies that the disturbance between two states ρ1, ρ2 has a lower bound, quantified by
the gain in information due to measurements. An alternative interpretation of Eq. (28) was also provided23 through
9the existence of a lower limit to the sum of the disturbance 1 − F and the uncertainty H [ν(p, t)] that is based on
verification of the difference in the two states, ρ1, ρ2. The difference between disturbance, Di (× 100%) and gain in
information (1−H(ν(p, t)) (× 100%) as a function of t and precision p is shown in Figure 6a,b. We note that for the
input parameters (c1 = c2 = c=0.4, c3=0.1), there exists a range of p and t for which the “information-disturbance
relationship” (Eq. (28)) formulated in Ref.23 is violated.
Comparing the results in Figure 6 a,b with those in Figures 2, 3, one notes that the appearance of increased quantum
discord is invariably linked to the non-violation of the inequality in Eq. (28) when c3 > c. The difference between the
disturbance, Di (Eq. (26)) and the mutual information (1-H(ν(p, t))) yields a measure of the quantum discord. This
difference is accentuated at increasing p, a trend that is also observed in the enhancement of the quantum discord D at
higher p. One can expect a zero discord when the lower bound in Eq. (28) is reached, at which point the disturbance
on the system equates the amount of information that can be retrieved. Another important observation relates to
the case when c > c3, where we earlier noted the existence of a small C ≈ 0.01 and D that was immune to changes
in p. Interestingly, we note that a violation of Eq. (28) occurs when c > c3 and for a range of p, t as illustrated in
Figure 6b.
One possible explanation of the noted violation may lie in the presence of other unseen neighboring subsystems
which gives rise to a net deficit in quantum discord, as far as the two known subsystems A,B are concerned. This
results in greater retrieval of information than the actual disturbance on the system, with bearings very similar to
the Maxwell’s demon model47. In the latter model, positive entropy production during measurement arise from work
performed by other agents, ensuring that the second law of thermodynamics remains intact.
The results in Figure 6 a,b can partly be interpreted on the basis of earlier obtained results in Figure 1 a,b,c,
where we noted that at higher c > c3, there is trend towards violation of the CHSH-Bell inequality. The violation
of Heisenberg’s “measurement-disturbance relationship” as evidenced by the nature of the c, c3 input parameters,
may have its origins in non-local quantum states which are also influenced by these same parameters. To this end,
investigations involving rigorous mathematical formulations49 of the underlying abstract Hilbert space are needed
to provide greater insight to the links between the information-disturbance tradeoff relation, quantum discord and
quantum non-locality based on the CHSH-Bell inequality function B (Eq. (16)). The results obtained here may
be useful in the interpretation of experimental results28 showing similar violation of the “measurement-disturbance
relationship”.
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FIG. 6: (a) Contour-plots showing the trade-off between the measurement disturbance and information gain. Difference between
disturbance,Di (× 100%) and gain in information (1−H(ν(p, t)) (× 100%) as a function of t and precision p. ρ1=ρ
‖
B
(t = 0, p = 0)
and ρ2=ρ
‖
B
(t, p) (Eq. (20). c1 = c2 = c=0.1, c3=0.7, g = γτ=0.5 and θ=90. (b) Description and parameters are the same as in
(a) with the exception of c1 = c2 = c=0.4, c3=0.1. A range of p and t for which the difference between disturbance, and gain
in information is negative becomes noticeable.
VI. NON-MARKOVIANITY DURING QUANTUM MEASUREMENTS
To better understand the flow of information during quantum measurements, we consider the appearance of non-
Markovianity, in relation to the attributes, p, t. Quantum systems undergoing Markovian dynamics observe a com-
pletely positive, trace preserving dynamical map Λ(t), ρ(0) → ρ(t) = Λ(t)ρ(0), which constitutes the one parameter
semi-group obeying the composition law 50–52, Λ(t1)Λ(t2) = Λ(t1 + t2), t1, t2 ≥ 0. Accordingly, the fidelity function
F [ρ(t), ρ(t+ τ)] involving the initial state ρ(t) and the evolved state ρ(t+ τ) at a later time t+ τ , under Markovian
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dynamics satisfies the inequality51
F [ρ(t), ρ(t+ τ)] ≡ F [Λ(t)ρ(0),Λ(t)ρ(τ)]
⇒ F [ρ(t), ρ(t+ τ)] ≥ F [ρ(0), ρ(τ)]. (29)
Any violation of this inequality is a signature of non-Markovian dynamics which can be observed via the fidelity
difference function
∆(t, τ) =
F [ρ(t), ρ(t+ τ)] − F [ρ(0), ρ(τ)]
F [ρ(0), ρ(τ)]
, (30)
Negative values of ∆(t, τ) serve as sufficient but not necessary condition of non-Markovianity. Using Eq. (30), we
have evaluated the fidelity difference G(t, τ) as a function of t and θ for the density matrices corresponding to
ρ1=ρ
‖
B
(t = 0, p = 0) and ρ2=ρ
‖
B
(t, p) (Eq. (20), as illustrated in Figures 7 and 8. The figures highlight important
differences between systems where c3 > c and those with c > c3. In the regions midway: 25 < θ < 42, there is
enhancement of non-Markovianity with precision p when c3 > c. In systems where c3 < c, the non-Markovian regions
are located at the peripheral regions, θ ≈ 0, 90. We note that at c3 > c the optimized angle θ used in the evaluation
of the classical correlation in Eq. (23) is about 90, decreasing gradually with increase p. At c3 < c, the optimized
angle θ < 30. These results highlight the role of c, c3 parameters in determining the links between non-Markovian
dynamics and optimization processes associated with the classical correlation measure.
The findings in Figures 7 and 8 may provide a speculative basis to examine links between violation of the
“measurement-disturbance relationship” in Eq. (28) and non-Markovianity. Is it possible that a pathway for violation
of this relationship is attained when gain in information exceeds disturbance between two states via non-Markovian
processes? This challenging question needs experimental verification using more generalized systems, as numerical
results related to just two subsystems have been provided here.
FIG. 7: Fidelity difference ∆(t, τ ) as a function of t and θ for the density matrices corresponding to ρ1=ρ
‖
B
(t = 0, p = 0) and
ρ2=ρ
‖
B
(t, p) (Eq. (20). We set τ=0.1, c1 = c2 = c=0.1, c3=0.8, g = γτ=0.1. Values of p are indicated at the top of each figure.
Regions of negative values indicating non-Markovianity are shaded green show increase with precision p, and are dominant in
the range 25 < θ < 42 deg.
VII. CONCLUSION
In conclusion, we have presented results of the influence of non-ideal attributes such as the measurement precision
and finite measurement time duration on the classical correlation and quantum discord for a qubit pair immersed in
a common environment. The results show that the quantum discord is enhanced as the precision of the measuring
instrument is increased for a range of parameters, and both the classical correlation and the quantum discord undergo
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FIG. 8: Fidelity difference ∆(t, τ ) as a function of t and θ for the density matrices corresponding to ρ1=ρ
‖
B
(t = 0, p = 0) and
ρ2=ρ
‖
B
(t, p) (Eq. (20). We set τ=0.1, c1 = c2 = c=0.4, c3=0.1, g = γτ=0.1. Values of p are indicated at the top of each figure.
Regions of negative values indicating non-Markovianity are shaded green and are located at the peripheral regions, θ ≈ 0, 90.
noticeable changes during the duration when measurements are performed on a neighboring partition. We also
conclude that increased quantum discord within two subsystems, is invariably linked to the non-violation of the
inequality associated with the “information-disturbance relationship”. We note that a zero discord corresponds to the
lower bound in this inequality, consistent with the point at which the disturbance on the system equates the amount
of information that can be retrieved. A violation of this inequality indicates a deficit in quantum discord, with the
possibility that other undetected agents may be responsible in giving rise to a greater retrieval of information than
the actual disturbance on the system. Overall, the results obtained in this work indicate that the fundamental limits
of quantum mechanical measurements may be altered by exchanges involving non-classical correlations such as the
quantum discord with external sources.
The violation of the “information-disturbance relationship” may have links with quantum non-locality and non-
Markovian quantum dynamics of states that do not necessarily evolve via a completely positive, trace preserving
dynamical maps. This study identifies (though not conclusively) that a possible pathway for violation of this rela-
tionship may occur when gain in information exceeds disturbances between two states via non-Markovian processes.
Further scrutiny of the intricate links between these entities require mathematically rigorous approaches49 and exper-
imental verifications, however the results obtained in this study have wider implications for exploiting the subtleties
of the Uncertainty Principle in multipartite systems. Cryptographic technologies specify that eavesdroppers can be
detected as a result of disturbances caused by their measuring activities. The results obtained here indicates that
eavesdroppers can remain undetected in some instances (when positivity of the density matrix of the observed system
is violated). These ideas may be further extended to the development of sensitive quantum probes of fragile material
systems, involving single atoms and molecules, and including living tissue matter.
Lastly, this study shows that the joint examination of several entities (non-locality, non-Markovianity, nega-
tive quantum discord) is needed in investigations involving quantum measurements of optics and nanostructure
systems53,54. The possibility that an analogous “information-disturbance relationship” may be violated in light-
harvesting systems55–59 is an area for future investigation of systems which display exceptionally high efficiencies of
energy transfer processes.
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